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The figures in the margin indicate full marks for the questions
Answer all the questions:

1. Write very short answers for the following questions: 1x5=25
a) For what values of n, it has primitive roots.
b) Define Mobius function.
c) Define linear Diophantine equation in two variables.
d) Is 2 a quadratic residue of 5.
e) Define order of an integer ‘a’ modulo n.
2. Write short answers for the following questions: 3x9=27

a) For each positive integer n, show that
pmun + Dun + 2)un+3) =0

b) For each positive integer n, show that n = ¥, ®(d), where d
runs through the positive divisors of n.

c) If alc and b|c with (a, b)= 1, then prove that ab|c.
d) Verify that 1000! terminates in 249 zeros.
e) Evaluate the Legendre symbol
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f) Find the units digit of 3199,

g) If n has a primitive root then prove that it has exactly CD(CD(n))
of them.

h) Prove that for any odd prime p, the Legendre symbol

p—-1

(%) = a 2 (mod p), where a is an integer that is relatively
prime to p.

i) Isthe congruence x? = —46 (mod 17) solvable? Justify.

3. Answer any three: 6x3=18

a) State and prove Chinese Remainder theorem.

b) Prove that given integers a and b not both of which are zero,
there exists integers x and y such that (a, b) = ax + by.

c) Prove that if p is prime and p t a, then a?~1 = 1 (mod p). Is the
converse true? Justify.

d) Prove that the linear congruence ax = b (mod n) has a solution
iff d|b, where (a,n)= d. Also prove that if d|b, then it has
d mutually incongruent solutions mod n.

4. Answer any three: 6x3=18

a) Prove that @ — function is multiplicative.

b) State and prove Mobius Inversion formula.

c) If nand r are positive integers with 1 < r < n, then prove that
the binomial coefficient (n) =—" jsan integer. Also, prove

r ri(n—r)!

that the product of any r consecutive positive integers is divisible
by r!.

d) Ifn= PP .. P is the prime factorization of n > 1, then

prove that

Page 2 of 3



EMA-304
t(n) = (K; + (K, + 1) .. (K, + 1) and

K1 +1 Ky+1 Kr+1

-1 P21 P 1
a(n)— DR P

5. Answer any two: 2x8=16
a) Prove that 2X has no primitive roots for any integer K > 3.
b) State and prove Euler’s Criterion.

c) If p isaprime number and d|p — 1, then prove that the
congruence x¢ — 1 = 0 (mod p) has exactly d solutions.

6. Answer any two: 2x8=16
a) State and prove Quadratic Reciprocity law.
b) Let p be an odd prime and a an odd integer with (a,p) = 1,

) = (— Z 1[ka]
then (p) = (=1
c) Show that for any odd prime p,

2\ _( 1 ifp=1(mod8)orp=7(mod38)
(F) _{—1 if p=3(mod8)orp=5(mod8)
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